In this paper, we put restrictions on the coefficients of a polynomial in order to improve the bounds for their zeros in a specific region. Our results extend and generalise a number of previously well known theorems including Eneström-Kakeya theorem.
Introduction
Let P(z) =  n j=0 a j z j be a polynomial of degree n. One of the fundamental problem of finding out the region which contains all or a prescribed number of zeros of a polynomial was first studied by Gauss [1] . He proved: Theorem 1.1. If P(z) = z n +  n−1 j=1 a j z j , where a j are all real, then P(z) has all its zeros in |z| ≤ R, where (i) R = max(1, 2 1 2 s), s being the sum of positive a j (ii) R = max(n2 1 2 |a j |) j .
In 1829, Cauchy [2] gave more exact bounds for the moduli of zeros of a polynomial than those given by Gauss [1] . He proved the following result. Several generalisations and improvements of this result are available in the literature (see [3, 4] ). The following elegant results on the location of zeros of a polynomial with restricted coefficients is known as the Eneström-Kakeya theorem [5, 6] . Theorem 1.3 (Eneström-Kakeya). Let P(z) =  n j=0 a j z j be a polynomial of degree n whose coefficients a j satisfy a n ≥ a n−1 · · · ≥ a 1 ≥ a 0 > 0, then all the zeros of P(z) lie in the closed unit disk |z| ≤ 1.
Joyal, Labella and Rahman [4] extended Theorem 1.3 to polynomials whose coefficients are monotonic but need not be non-negative as follows:
 n j=0 a j z j be a polynomial of degree n such that a n ≥ a n−1 · · · ≥ a 1 ≥ a 0 , then all the zeros of P(z) lie in |z| ≤ a n + |a 0 | − a 0 |a n | . Aziz and Zargar [7] relaxed the conditions of Theorem 1.3 and proved the following generalisation of Theorem 1.4. Theorem 1.5. Let P(z) =  n j=0 a j z j be a polynomial of degree n such that for some k ≥ 1, ka n ≥ a n−1 · · · ≥ a 1 ≥ a 0 , then all the zeros of P(z) lie in
Govil and Rahman [3] considered polynomials whose coefficients are not necessarily real. Infact, they proved the following generalisation of Theorem 1.3. Theorem 1.6. Let P(z) =  n j=0 a j z j be a polynomial of degree n with Re(a j ) = α j and I m(a j ) = β j , j = 0, 1, 2, . . . , n such that
where α n > 0, then P(z) has all its zeros in
The following generalizations of Theorems 1.4, 1.5 and 1.6 was proved by Govil and Mc-tume [8] .
Theorem 1.7. Let P(z) =  n j=0 a j z j be a polynomial of degree n with Re(a j ) = α j and I m(a j ) = β j , j = 0, 1, 2, . . . , n such that for some k ≥ 1,
Aziz and Zargar [9] obtained some extensions of Theorem 1.3 by relaxing the hypothesis as follows:
 n j=0 a j z j be a polynomial of degree n. If for some positive numbers k and ρ with k ≥ 1 and 0 < ρ ≤ 1,
then all the zeros of P(z) lie in the closed unit disk
Theorem 1.9. Let P(z) =  n j=0 a j z j be a polynomial of degree n. If for some positive number ρ, 0 < ρ ≤ 1, and some non-negative integer λ, 0 ≤ λ ≤ n − 1,
then all the zeros of P(z) lie in
In this paper, we further weaken the hypothesis of Theorems 1.8 and 1.9 by considering a general class of polynomials to prove some extensions and generalisations of Theorem 1.3 (Eneström-Kakeya), which in turn improve the bounds in some cases.
Main results
Theorem 2.1. Let P(z) =  n j=0 a j z j be a polynomial of degree n with complex coefficients. If Re(a j ) = α j and I m(a j ) = β j , for 0 ≤ j ≤ n such that for some real t > 0, µ ≥ 0, λ, 0 ≤ λ ≤ n − 1 and ρ, 0 < ρ ≤ 1,
Proof. Proof follows from our next Theorem 2.3 as a special case.
Notice that with t = 1 in Theorem 2.1 and, suppose the imaginary parts of the coefficients are monotonic and nonnegative, then we get the following.
Corollary 2.2. Let P(z) =  n j=0 a j z j be a polynomial of degree n with complex coefficients. If Re(a j ) = α j and I m(a j ) = β j , for 0 ≤ j ≤ n such that for some real k ≥ 1, 0 ≤ λ ≤ n − 1 and 0 < ρ ≤ 1,
Take λ = n, µ = (k − 1)α n , α 0 > 0 and β j = 0, for 0 ≤ j ≤ n in Corollary 2.2, the hypothesis becomes kα n ≥ α n−1 ≥ · · · ≥ α 0 > 0, therefore we obtain the main result of Aziz and Zargar [9] which inturn is an extension of Theorem 1.3 (Eneström-Kakeya).
We state and prove the following result which is a generalisation of Theorem 2.1 which itself is a generalisation of several results in the literature [10, 7] , [11] [12] [13] 1, 8, [3] [4] [5] and so on. Theorem 2.3. Let P(z) =  n j=0 a j z j be a polynomial of degree n with complex coefficients. If Re(a j ) = α j and I m(a j ) = β j , for 0 ≤ j ≤ n such that for some real t > 0, µ ≥ 0, λ, 0 ≤ λ ≤ n − 1 and ρ, 0 < ρ ≤ 1,
Proof. Consider the polynomial
This gives
then all the zeros of F(z) whose modulus is greater than or equal to t lie in
But those zeros of F(z) whose modulus is less than t already satisfy the above inequality and all the zeros of P(z) are also the zeros of F(z). Hence it follows that all the zeros of F(z) and hence of P(z) lie in
This completes the proof.
As in Theorem 2.1, if all imaginary parts of the coefficients are also monotonic and non-negative, then we get the following result.
Corollary 2.4. Let P(z) =  n j=0 a j z j be a polynomial of degree n with complex coefficients. If Re(a j ) = α j and I m(a j ) = β j , for 0 ≤ j ≤ n such that for some real t > 0, µ ≥ 0, λ, 0 ≤ λ ≤ n − 1 and ρ, 0 < ρ ≤ 1, Corollary 2.6. Let P(z) =  n j=0 a j z j be a polynomial of degree n with complex coefficients. If Re(a j ) = α j and I m(a j ) = β j , for 0 ≤ j ≤ n such that for some real t > 0, λ, 0 ≤ λ ≤ n − 1 and ρ, 0 < ρ ≤ 1, 
